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Abstract. Let B be the Lie algebra over C with basis {Lm,n | m, n ∈ Z, n ≥ 0} and




Lm+m1,n+n1 . In this paper, we determine
the second cohomology group and the second Leibniz cohomology group of B.
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1 Introduction
Block [1] introduced a class of infinite-dimensional simple Lie algebras over a field
of characteristic zero. Recently, there are many authors working on generalizations
of the Block algebra. Dokovic and Zhao [3] introduced a new class of Lie algebras
of Block type, described their simplicity, derivations, the second cohomology, and
determined all isomorphisms between two such Lie algebras. Particularly, Su [7]
gave the universal central extension B̂′ = B′ ⊕Cc of the Block type Lie algebra B′,
where B′ = spanC{Lm,n | m ∈ Z, n ≥ −1} with the bracket
[Lm,n, Lm1,n1 ] =
(
(n + 1)m1 − (n1 + 1)m
)
Lm+m1,n+n1 . (1)
The universal central extension B̂′ of B′ is given by
[Lm,n, Lm1,n1 ] =
(
(n + 1)m1 − (n1 + 1)m
)
Lm+m1,n+n1 + mδm+m1,0δn+n1,−2c
for m,m1 ∈ Z and n, n1 ≥ −1, where c is a central element. Also, Su [7] studied
the quasifinite representations of B̂′.
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In this paper, we consider the Lie subalgebra B = spanC{Lm,n | m ∈ Z, n ≥ 0}
of B′. This special Block type Lie algebra attracts our attention because the uni-
versal central extension of B is given by
[Lm,n, Lm1,n1 ] =
(





One sees that the universal central extension of B contains a subalgebra with basis
{Lm,0, c | m ∈ Z}, which is isomorphic to the Virasoro algebra, while the universal
central extension of B′ has no such a subalgebra. Due to this fact, we believe that
this Lie subalgebra B might be more interesting than the Lie algebra B′ in some
sense.
As in the Lie algebra case, Leibniz central extensions play an important role in
the theory of Leibniz algebras. The concept of Leibniz algebras was first introduced
by Loday [5] in the study of the so-called Leibniz homology as a non-commutative
analog of Lie algebra homology initially found by Cuvier [2] and Loday [4]. Loday
and Pirashvili [6] established the concept of universal enveloping algebras of Leibniz
algebras, and interpreted the Leibniz (co)homology HL∗ (resp., HL∗) as a Tor-
functor (resp., Ext-functor). The aim of this paper is to determine the second
Leibniz cohomology group of B, which we find is equal to the the second cohomology
group of B.
Throughout this paper, denote by Z the set of integers and C the set of complex
numbers.
2 Leibniz Algebras and Leibniz 2-Cocycles
A Leibniz algebra L over a field F is a vector space equipped with an F -bilinear
map [ · , · ] : L× L → L, called bracket, satisfying the Leibniz identity:
[x, [y, z]] = [[x, y], z]− [[x, z], y] ∀x, y, z ∈ L.
Obviously, a Lie algebra is a Leibniz algebra. A Leibniz algebra L is a Lie algebra
if and only if [x, x] = 0 for all x ∈ L.
A Leibniz 2-cocycle on L is a bilinear F -valued form ψ satisfying the following
condition:
ψ(a, [b, c]) = ψ([a, b], c)− ψ([a, c], b) ∀ a, b, c ∈ L. (2)
For convenience, a 2-cocycle in the Lie algebra case is called a Lie 2-cocycle. If
a Leibniz 2-cocycle ψ is in addition anti-symmetric, then by definition, ψ is a Lie
2-cocycle. As in the Lie algebra case, one-dimensional Leibniz central extensions
of a Leibniz algebra L are uniquely determined by Leibniz 2-cocycles on L. If a
Leibniz 2-cocycle ψ is induced by a linear function f on L, that is, ψ = αf , where
αf (x, y) = f([x, y]) ∀x, y ∈ L, (3)
then ψ is called trivial, while the corresponding one-dimensional Leibniz central
extension is also a trivial extension, i.e., it is isomorphic to L +̇Fc as a direct sum
of Leibniz ideals. Two Leibniz 2-cocycles ϕ and ψ are called equivalent if ϕ− ψ is
trivial.
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Given a Leibniz 2-cocycle α on L, one can construct a Leibniz central extension
of L in a canonical way as follows:
[x + λc, y + µc]0 = [x, y] + α(x, y)c ∀x, y ∈ L, λ, µ ∈ F,
where [ · , · ] is the Leibniz bracket on L and [ · , · ]0 is the Leibniz bracket on L⊕Fc.
Every one-dimensional Leibniz central extension of L can be obtained in this way.
3 Leibniz 2-Cocycles on B
In this section, we determine all non-trivial Leibniz 2-cocycles on B. Indeed, we
have the following main theorem of this paper.
Theorem 3.1. The Leibniz central extension of B is B̂ = B ⊕Cc with the bracket
[Lm,n, Lm1,n1 ] =
(
(n + 1)m1 − (n1 + 1)m
)
Lm+m1,n+n1 + β(Lm,n, Lm1,n1)c
for m,m1 ∈ Z and n, n1 ≥ 0, where c is a central element and β is the non-trivial
Leibniz 2-cocycle on B given by
β(Lm,n, Lm1,n1) = δm+m1,0δn+n1,0
m3−m
6 .
We will prove this theorem in a series of lemmas. First, from (1), we have
[L0,1, Lm,n−1] = 2mLm,n (n ≥ 1), (4)
[L−1,0, L1,n] = (n + 2)L0,n, (5)
[L0,0, Lm,0] = mLm,0. (6)
Let ψ be a Leibniz 2-cocycle on B. We defined a linear function fψ on B by
fψ(Lm,n) = 12m ψ(L0,1, Lm,n−1) (m 6= 0, n ≥ 1),
fψ(L0,n) = 1n+2 ψ(L−1,0, L1,n) (n ≥ 0),
fψ(Lm,0) = 1m ψ(L0,0, Lm,0) (m 6= 0).
Then β = ψ− αfψ is a Leibniz 2-cocycle on B, which is equivalent to ψ, where αfψ
is the trivial Leibniz 2-cocycle induced by fψ as in (3). From (4)–(6), we have
β(L0,1, Lm,n) = 0 (m 6= 0, n ≥ 0), (7)
β(L−1,0, L1,n) = 0 (n ≥ 0), (8)
β(L0,0, Lm,0) = 0 (m 6= 0). (9)
Moreover, the following identities hold:
Lemma 3.2. We have
β(Lm,n, L0,1) = 0 if m 6= 0, n ≥ 0, (10)
β(L1,n, L−1,0) = 0 if n ≥ 0, (11)
β(Lm,0, L0,0) = 0 if m 6= 0. (12)
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Proof. In fact, by (2), we have β(a, [a, c]) = −β([a, c], a) for all a, c ∈ B.
For m1(n + 1) 6= m(n1 + 2) and n1 ≥ n ≥ 0, we take
a = Lm,n, c = 1m1(n+1)−m(n1+2) Lm1−m,n1−n,
and get
β(Lm,n, Lm1,n1) = −β(Lm1,n1 , Lm,n). (13)
Hence, (10)–(12) follow from (13) and (7)–(9). 2
Lemma 3.3. For all m,m1∈ Z and n1≥ 1,
β(Lm,0, Lm1,n1) = 0 = β(Lm1,n1 , Lm,0).
Proof. We divide the proof into the following two cases:
Case 1: m1 6= 0. We first prove the identity
β(L0,0, Lm,n) = 0 ∀m ∈ Z, n ≥ 0. (14)
In fact, we have β(L0,0, Lm,0) = 0 by (9) for m 6= 0 and n = 0. Moreover, for m 6= 0
and n ≥ 1, from (10), we have
β(L0,0, Lm,n) = − 12m β(L0,0, [Lm,n−1, L0,1])
= − 12m
(
β([L0,0, Lm,n−1], L0,1)− β([L0,0, L0,1], Lm,n−1)
)
= − 12β(Lm,n−1, L0,1) = 0.
Next, if m = 0 and n ≥ 0, by applying (11) and (8), we have
β(L0,0, L0,n) = − 1n+2 β(L0,0, [L1,n, L−1,0])
= − 1n+2
(
β([L0,0, L1,n], L−1,0)− β([L0,0, L−1,0], L1,n)
)
= − 1n+2 β(L1,n, L−1,0)− 1n+2 β(L−1,0, L1,n) = 0.
We need to prove one more identity similar to (14), that is,
β(Lm,n, L0,0) = 0 ∀m ∈ Z, n ≥ 0. (15)
In fact, if m 6= 0 and n ≥ 0, we have β(Lm,n, L0,0) = −β(L0,0, Lm,n) = 0 by (13).
If m = 0, we have
β(L0,n, L0,0) = − 1n+2 β([L1,n, L−1,0], L0,0)
= − 1n+2
(




β(L1,n, L−1,0)− β(L1,n, L−1,0)
)
= 0.




β(Lm,0, [L0,0, Lm1,n1 ])
= 1m1
(
β([Lm,0, L0,0], Lm1,n1)− β([Lm,0, Lm1,n1 ], L0,0)
)
= − mm1 β(Lm,0, Lm1,n1).
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From the above identity, we see that if m + m1 6= 0, then β(Lm,0, Lm1,n1) = 0. If
m + m1 = 0, we need to prove β(Lm,0, L−m,n1) = 0. First, we prove the identity
β(Lm,0, L−m,n1) = β(Lm,n1 , L−m,0) ∀m 6= 0, n1 ≥ 1. (16)




β(Lm,0, [L−m,0, L0,n1 ])
= 1m(n1+1)
(
β([Lm,0, L−m,0], L0,n1)− β([Lm,0, L0,n1 ], L−m,0)
)
= β(Lm,n1 , L−m,0).
Next, we prove β(Lm,0, L−m,n1) = 0. First, we prove this identity for m ≥ 1 by




β(L1,0, [L−1,0, L0,n1 ])
= 1n1+1
(
β([L1,0, L−1,0], L0,n1)− β([L1,0, L0,n1 ], L−1,0)
)
= β(L1,n1 , L−1,0) = 0.
For m ≥ 2, by induction, we have
β(Lm,0, L−m,n1) =
1
(m−1)n1+m−2 β(Lm,0, [L−m+1,0, L−1,n1 ])
= 1(m−1)n1+m−2
(
β([Lm,0, L−m+1,0], L−1,n1)− β([Lm,0, L−1,n1 ], L−m+1,0)
)
= 1+(n1+1)m(m−1)n1+m−2 β(Lm−1,n1 , L−m+1,0)
= 1+(n1+1)m(m−1)n1+m−2 β(Lm−1,0, L−m+1,n1) = 0,
where we have used (16) in the second last equality. Hence, for all m ≥ 1, we have
β(Lm,0, L−m,n1) = 0. On the other hand, if m ≤ −1, then from (16) and (13),
it follows that β(Lm,0, L−m,n1) = 0. Thus, β(Lm,0, L−m,n1) = 0 for m 6= 0 and
n1 ≥ 1. So for all m ∈ Z, m1 6= 0 and n1 ≥ 1, we get β(Lm,0, Lm1,n1) = 0.
Finally, by (14), we have
β(Lm1,n1 , Lm,0) =
1
m1
β([L0,0, Lm1,n1 ], Lm,0)
= 1m1
(
β(L0,0, [Lm1,n1 , Lm,0]) + β([L0,0, Lm,0], Lm1,n1)
)
= mm1 β(Lm,0, Lm1,n1) = 0.
This completes the proof of Case 1.
Case 2: m1 = 0. If m = 0, we have β(L0,0, L0,n1) = 0 by (14). If m 6= 0, by (14)
and Case 1, we have
β(Lm,0, L0,n1) = − 1m(n1+2) β(Lm,0, [Lm,n1 , L−m,0])
= − 1m(n1+2)
(
β([Lm,0, Lm,n1 ], L−m,0)− β([Lm,0, L−m,0], Lm,n1)
)
= n1n1+2 β(L2m,n1 , L−m,0) = 0,
and by (13), we have β(L0,n1 , Lm,0) = −β(Lm,0, L0,n1) = 0. This completes the
proof of Lemma 3.3. 2
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Lemma 3.4. β(Lm,n, Lm1,n1) = 0 for all m,m1 ∈ Z, n ≥ 1 and n1 ≥ 1.
Proof. We divide the proof into two cases.




β(L0,n, [L−1,0, L1,n1 ])
= 1n1+2
(
β([L0,n, L−1,0], L1,n1)− β([L0,n, L1,n1 ], L−1,0)
)
= − n+1n1+2 β(L−1,n, L1,n1).
(17)
Similarly, by Lemma 3.3, we have




n+2 β([L−1,n, L1,0], L0,n1)
= 1n+2
(
β(L−1,n, [L1,0, L0,n1 ]) + β([L−1,n, L0,n1 ], L1,0)
)
= −n1+1n+2 β(L−1,n, L1,n1).
(19)
Thus, it follows from (17), (18) and (13) that β(L0,n, L0,n) = 0. For n 6= n1, by
(17) and (19), β(L0,n, L0,n1) = 0. This completes the proof of Case 1.
Case 2: m,m1 are not all zero. Without loss of generality, we assume m 6= 0.
By Lemma 3.3, we have
β(Lm,n, Lm1,n1) =
1
m(n+1) β([L0,n, Lm,0], Lm1,n1)
= 1m(n+1)
(
β(L0,n, [Lm,0, Lm1,n1 ]) + β([L0,n, Lm1,n1 ], Lm,0)
)
= m1−(n1+1)mm(n+1) β(L0,n, Lm+m1,n1) +
m1
m β(Lm1,n+n1 , Lm,0)
= m1−(n1+1)mm(n+1) β(L0,n, Lm+m1,n1).
(20)





= − m1−(n1+1)m2m(n+1)(m+m1) β(L0,n, [Lm+m1,n1−1, L0,1])
= − m1−(n1+1)m2m(n+1)(m+m1)
(
β([L0,n, Lm+m1,n1−1], L0,1)− β([L0,n, L0,1], Lm+m1,n1−1)
)
= − m1−(n1+1)m2m β(Lm+m1,n+n1−1, L0,1) = 0,
where we have applied (10) in the last equality. This completes the proof. 2
Lemma 3.5. β(Lm,0, Lm1,0) = 0 if m + m1 6= 0.
Proof. Since m,m1 are not all zero, without loss of generality, we assume m 6= 0.
By (12), we have
β(Lm,0, Lm1,0) = − 1m β([Lm,0, L0,0], Lm1,0)
= − 1m
(
β(Lm,0, [L0,0, Lm1,0]) + β([Lm,0, Lm1,0], L0,0)
)
= − m1m β(Lm,0, Lm1,0).
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This gives β(Lm,0, Lm1,0) = 0. The proof is completed. 2
Lemma 3.6. For m ∈ Z, we have β(Lm,0, L−m,0) = m3−m6 β(L2,0, L−2,0).
Proof. If m = 0, we have β(L0,0, L0,0) = 0 from (14). If m = 1, by (13) and (11),
we have
β(L−1,0, L1,0) = −β(L1,0, L−1,0) = 0. (21)
If m ≥ 2, we have
β(Lm,0, L−m,0) = − 1m+2 β(Lm,0, [L1,0, L−m−1,0])
= − 1m+2
(
β([Lm,0, L1,0], L−m−1,0)− β([Lm,0, L−m−1,0], L1,0)
)
= m−1m+2 β(Lm+1,0, L−m−1,0),
where we have used (21) in the last equality. Hence, we get
β(Lm+1,0, L−m−1,0) = m+2m−1 β(Lm,0, L−m,0).
By induction on m, for m ≥ 3, we get
β(Lm,0, L−m,0) = m
3−m
6 β(L2,0, L−2,0).
Thus, the result holds for m ≥ 0. The case for m < 0 follows from this and (13).
This completes the proof. 2
Proof of Theorem 3.1. From Lemmas 3.3–3.6, we get
β(Lm,n, Lm1,n1) = δm+m1,0δn+n1,0
m3−m
6 .
This gives the Leibniz central extension of B as follows:
[Lm,n, Lm1,n1 ] =
(
(n + 1)m1 − (n1 + 1)m
)
Lm+m1,n+n1 + β(Lm,n, Lm1,n1)c
for m,m1 ∈ Z and n, n1 ≥ 0, where c is a central element. Thus, Theorem 3.1 is
obtained. 2
Corollary 3.7. The second cohomology group H2(B,C) and the second Leibniz
cohomology group HL2(B,C) of the Lie algebra
B = spanC{Lm,n | m ∈ Z, n ≥ 0}
are equal, that is, HL2(B,C) = Cβ = H2(B,C), where the 2-cocycle is given by
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